Introduction {#Sec1}
============

We provide an optimal consumption and portfolio decision with negative wealth constraints for an economic agent who has a quadratic utility function of consumption. A bliss level of consumption is an import feature of the quadratic utility. It means that an agent's risk taking becomes zero at a wealth level for some bliss point of consumption. When the wealth level exceeds a bliss point, her consumption does not increase. In this model, we derive an analytic solution with the negative wealth constraint. And we check some properties of optimal consumption and portfolio with a constant labor income.

After Merton's seminal works \[[@CR1], [@CR2]\], many researchers have studied an optimal consumption and portfolio selection problem with various realistic constraints. Merton \[[@CR1], [@CR2]\] solved the portfolio optimization problem of an agent who has a Hyperbolic Absolute Risk Aversion (HARA) type utility function. However, he has not considered the labor income of an agent. Park and Jang \[[@CR3]\] studied the optimal consumption, investment and retirement strategies with negative wealth constraints. But they considered the agent whose utility function is Constant Relative Risk Aversion (CRRA).

Koo et al. \[[@CR4]\] and Shin et al. \[[@CR5]\] considered an optimal consumption and portfolio selection problem of an agent who has a quadratic utility function and faces a subsistence consumption constraint. However, they did not consider the agent's labor income and the negative wealth constraint. Here, negative wealth constraints contain the borrowing constraints which mean the restriction of a loan. Lim and Shin \[[@CR6]\] and Shim \[[@CR7]\] derived the closed-form solutions of optimal consumption and portfolio with general utility. Since the quadratic utility does not satisfy the strictly concave property, our results are different from theirs.

The rest of the paper is organized as follows. In Section [2](#Sec2){ref-type="sec"}, we illustrate the financial market setup. In Section [3](#Sec3){ref-type="sec"}, we obtain the optimal policies of our optimization problem with two cases ($\documentclass[12pt]{minimal}
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The financial market setup {#Sec2}
==========================
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From the wealth process ([2.1](#Equ1){ref-type=""}), we can derive the following budget constraint: $$\documentclass[12pt]{minimal}
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In this paper, we also consider the following negative wealth constraint (see \[[@CR3]\]): $$\documentclass[12pt]{minimal}
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The optimization problem {#Sec3}
========================

Now we consider our optimization problem. In this problem, the infinitely-lived agent wants to maximize her expected lifetime utility: $$\documentclass[12pt]{minimal}
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Remark 3.1 {#FPar1}
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This assumption is deduced from the bliss level which is one of the aspects of quadratic utility. The right-hand side of inequality ([3.2](#Equ5){ref-type=""}) is bliss wealth level *x̄* which is obtained as follows: $$\documentclass[12pt]{minimal}
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We denote by *ũ* the dual utility function of a quadratic utility function, which is defined by $$\documentclass[12pt]{minimal}
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Remark 3.2 {#FPar2}
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Remark 3.3 {#FPar3}
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We define the positive constant *K* for indicating that *ŷ* is less or greater than 1. $$\documentclass[12pt]{minimal}
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### Proposition 3.1 {#FPar4}
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### Proof {#FPar5}

From ODEs ([3.7](#Equ10){ref-type=""}), we obtain the solution as follows: $$\documentclass[12pt]{minimal}
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By the Legendre inverse transform formula, the value function $\documentclass[12pt]{minimal}
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### Theorem 3.1 {#FPar6}
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### Proof {#FPar7}

The first order condition for equation ([3.9](#Equ12){ref-type=""}) takes the following form: $$\documentclass[12pt]{minimal}
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                \begin{document}$v(\cdot)$\end{document}$ is described in Proposition [3.1](#FPar4){ref-type="sec"}. Substituting the first order condition into equation ([3.9](#Equ12){ref-type=""}), we can complete the proof. □
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### Theorem 3.2 {#FPar8}

*The optimal strategies are given by* $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \pi^{*}= \textstyle\begin{cases} \frac{\theta}{\sigma} (C_{1}m_{+}(m_{+} -1)\zeta^{m_{+} -1}+C_{2}m_{-}(m_{-} -1)\zeta^{m_{-} -1} ) &\textit{if } -\nu\frac{I}{r} \leq x< \tilde {x} , \\ \frac{\theta}{\sigma} (D_{1}m_{+}(m_{+} -1)\xi^{m_{+} -1}-\frac {1}{2R(\rho-2r+\theta^{2})} \xi ) &\textit{if } \tilde{x} \leq x< \bar{x} , \\ 0& \textit{if } x\geq\bar{x} . \end{cases} $$\end{document}$$

### Proof {#FPar9}

By the duality of value function and the Itô formula, we can obtain the following equation: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{aligned} &c_{t}^{*}=-rv'(y)+ \bigl(\rho-r+\theta^{2}\bigr)yv''(y)+ \frac{1}{2}\theta ^{2}y^{2}v'''(y)+I, \\ &\pi_{t}^{*}=\frac{\theta}{\sigma}yv''(y). \end{aligned} $$\end{document}$$ By substituting equation ([3.8](#Equ11){ref-type=""}) into ([3.11](#Equ14){ref-type=""}), we can derive the optimal consumption and portfolio. □

### Proposition 3.2 {#FPar10}

*If the following inequality* ([3.12](#Equ15){ref-type=""}) *holds*, $$\documentclass[12pt]{minimal}
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### Proof {#FPar11}
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### Proposition 3.3 {#FPar12}

*In Proposition * [3.1](#FPar4){ref-type="sec"}, $\documentclass[12pt]{minimal}
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### Proof {#FPar13}

Refer to Koo et al. \[[@CR4]\]. □

In the case of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\hat{y}<1$\end{document}$ {#Sec5}
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                \begin{document}$\hat{y}<1$\end{document}$, *y* does not exceed *ŷ*. So we obtain the following ODE from ODEs ([3.5](#Equ8){ref-type=""}). $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \frac{1}{2}\theta^{2} y^{2} v''(y)+(\rho-r)y v'(y)-\rho v(y)+ \frac {(1-y)^{2}}{4R} +yI=0 \quad \text{if } 0< y< \hat{y}. $$\end{document}$$

### Proposition 3.4 {#FPar14}

*The solution to ODE* ([3.15](#Equ18){ref-type=""}) *is given by* $$\documentclass[12pt]{minimal}
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### Proof {#FPar15}
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                \begin{document}$v(\cdot)$\end{document}$ in ([3.16](#Equ19){ref-type=""}). By the free boundary conditions at $\documentclass[12pt]{minimal}
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By the duality of value function $\documentclass[12pt]{minimal}
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### Theorem 3.3 {#FPar16}
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                \begin{document}$V(x)$\end{document}$ *of optimization problem* ([3.1](#Equ4){ref-type=""}) *is given by* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ V(x)= \textstyle\begin{cases} (1-m_{+})D_{1}\xi^{m_{+}}+\frac{\xi^{2}}{4R(\rho-2r+\theta^{2})}+\frac {1}{4\rho R} &\textit{if } -\nu\frac{I}{r} \leq x< \bar{x} , \\ \frac{1}{4\rho R} & \textit{if } x\geq\bar{x} , \end{cases} $$\end{document}$$ *where* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bar{x}=\frac{1}{2rR}-\frac{I}{r}, $$\end{document}$$ *and* *ξ* *is the solution to the algebraic equation* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ x=-D_{1} m_{+} \xi^{m_{+}-1}+\frac{1}{2R(\rho-2r+\theta^{2})}\xi+ \frac {1}{2rR}-\frac{I}{r}. $$\end{document}$$

### Theorem 3.4 {#FPar17}

*The optimal strategies are given by* $$\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \pi^{*}= \textstyle\begin{cases} \frac{\theta}{\sigma} (D_{1}m_{+}(m_{+} -1)\xi^{m_{+} -1}-\frac {1}{2R(\rho-2r+\theta^{2})} \xi ) &\textit{if } -\nu\frac{I}{r} \leq x< \bar{x} , \\ 0& \textit{if } x\geq\bar{x} . \end{cases} $$\end{document}$$

### Proposition 3.5 {#FPar18}

*If the following inequality holds*, *then* $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\hat{y}<1$\end{document}$. $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \frac{1}{2rR}-\frac{I}{r}- \biggl(-\nu \frac{I}{r} \biggr)< \frac {1}{2R(m_{+}-1)}\frac{2-m_{+}}{\rho-2r+\theta^{2}}=:K, $$\end{document}$$ *where* *K* *is given in* ([3.6](#Equ9){ref-type=""}).

### Proof {#FPar19}

Since the signs of $\documentclass[12pt]{minimal}
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                \begin{document}$$\hat{y}=2R\bigl(\rho-2r+\theta^{2}\bigr)\frac{m_{+}-1}{2-m_{+}} \biggl( \frac {1}{2rR}-\frac{I}{r}- \biggl(-\nu\frac{I}{r} \biggr) \biggr)< 1. $$\end{document}$$ □

### Remark 3.4 {#FPar20}

In Figure [1](#Fig1){ref-type="fig"}, we plot the optimal consumption and portfolio with respect to the wealth (especially, small figures in Figure [1](#Fig1){ref-type="fig"}(b) represent the specific region of wealth level from −12.5 to −12.2). From the figures, we can see the effects of the bliss wealth level and the threshold *ŷ* ($\documentclass[12pt]{minimal}
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                \begin{document}$\hat{y}<1$\end{document}$). The left dotted line of each figure represents the wealth level at which optimal consumption is zero, and the right dotted line represents the bliss wealth level. Figure 1**The optimal consumption and portfolio as a function of wealth (** $\documentclass[12pt]{minimal}
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Basically, we obtain similar results to those of Koo et al. \[[@CR4]\], that is, if $\documentclass[12pt]{minimal}
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                \begin{document}$\bar{c}=1/(2R)$\end{document}$. For the optimal portfolio, it increases from zero to the certain maximum until wealth reaches a certain wealth level. The optimal portfolio decreases above this level and becomes zero above the bliss level *x̄*.
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                \begin{document}$0<\hat{y}<1$\end{document}$, however, there is no zero consumption region. So the optimal consumption increases as wealth increases. But after the bliss level *x̄*, the optimal consumption stays at $\documentclass[12pt]{minimal}
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                \begin{document}$\bar{c}=1/(2R)$\end{document}$. For the optimal portfolio, we see behavior similar to the case of $\documentclass[12pt]{minimal}
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                \begin{document}$\hat{y}>1$\end{document}$.

Concluding remarks {#Sec6}
==================

We solve the optimal consumption and investment problem with negative wealth constraints. Negative wealth constraints are the general borrowing constraints against future labor income. We consider the optimization problem when an agent receives a constant labor income and has quadratic utility. We use the martingale duality approach to obtain the closed-form solutions and illustrate the effects of the proportion *ν* of the wealth constraint on the optimal consumption and portfolio.
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